The discovery of quasicrystals with crystallographically forbidden rotational symmetries has changed the notion of the ordering in materials, yet little is known about the dynamical emergence of such exotic forms of order. Here we theoretically study a nonequilibrium cavity-QED setup realizing a zero-temperature quantum phase transition from a homogeneous Bose-Einstein condensate to a quasicrystalline phase via collective superradiant light scattering. Across the superradiant phase transition, collective light scattering creates a dynamical, quasicrystalline optical potential for the atoms. Remarkably, the quasicrystalline potential is "emergent" as its eight-fold rotational symmetry is not present in the Hamiltonian of the system, rather appears solely in the low-energy states. For sufficiently strong two-body contact interactions between atoms, a quasicrystalline order is stabilized in the system, while for weakly interacting atoms the condensate is localized in one or few of the deepest minima of the quasicrystalline potential.
The discovery of quasicrystals with crystallographically forbidden rotational symmetries has changed the notion of the ordering in materials, yet little is known about the dynamical emergence of such exotic forms of order. Here we theoretically study a nonequilibrium cavity-QED setup realizing a zero-temperature quantum phase transition from a homogeneous Bose-Einstein condensate to a quasicrystalline phase via collective superradiant light scattering. Across the superradiant phase transition, collective light scattering creates a dynamical, quasicrystalline optical potential for the atoms. Remarkably, the quasicrystalline potential is "emergent" as its eight-fold rotational symmetry is not present in the Hamiltonian of the system, rather appears solely in the low-energy states. For sufficiently strong two-body contact interactions between atoms, a quasicrystalline order is stabilized in the system, while for weakly interacting atoms the condensate is localized in one or few of the deepest minima of the quasicrystalline potential.
Introduction.-Quasicrystals are quasiordered (or orientationally ordered) materials with no exact translational symmetry, rather with crystallographically forbidden rotational symmetries [1] . They possess rotational symmetries, such as five-, seven-, eight-fold rotational symmetries, as discovered from their diffraction patterns first by Shechtman et al. in 1984 [2] . Therefore, they are not periodic and do not belong to any of the crystallographic space groups. Interestingly, quasicrystals, related to aperiodic tilings, can be considered as projections of higher dimensional periodic lattices [3] [4] [5] . Despite extensive theoretical and experimental research since their discovery [6] , there are still many fundamental open questions concerning the formation and nature of quasicrystals. For instance, it is still not completely clear whether quasicrystals are only entropy-stabilized high-temperature states or can also be thermodynamically stable at low temperatures [7] . In particular, the conditions and nature of quasicrystal growth are under debate with a lack of a generally accepted model.
Ultracold atoms trapped in laser-created tailored optical potentials have proven to be a versatile platform for simulating and exploring exotic solid-state models in a controllable manner [8] . In this context, the recent loading of a Bose-Einstein condensate (BEC) into a specially designed quasicrystal optical potential led to the observation of a diffraction pattern with a forbidden eight-fold rotational symmetry and has opened a new perspective on studying quasicrystals [9] . This now allows for a detailed experimental investigation of the nature of quasicrystals and other theoretically predicted phenomena such as the interplay between quasiordering and localization [10] [11] [12] [13] [14] [15] [16] . Unlike natural quasicrystals, however, the quasicrystallization in these systems is not dynamically emergent and spontaneous [17, 18] , rather induced by the underlying optical potentials imposed on the atoms by prescribed external lasers. Recently, a few schemes based on spin-orbit-coupled BECs were proposed to realize quantum phase transitions to quasicrystals [19, 20] , where quasicrystalline rotational symmetries appear in these systems due to the interplay between the spin-orbit coupling and two-body interactions -i.e., two competing length scales. This competition [21] [22] [23] [24] [25] [26] [27] [28] has been identified to be also the relevant mechanism for the quasicrystallization in soft matter [29] [30] [31] [32] [33] .
In this Letter we propose an alternative, novel scenario for the spontaneous formation of a quasicrystal based on a dynamical optical potential for ultracold atoms inside an optical cavity setup , where a quasicrystalline symmetry emerges in the low-energy sector across a superradiant phase transition. The setup consists of four identical linear cavities arranged in a plane with a common center such that they make a 45°angle with one another. A Bose gas is tightly confined in the direction perpendicular to the plane at the intersection of these initially empty four cavities, and is strongly coupled to a single mode of each cavity. The BEC is also driven by a spatially uniform pump laser propagating perpendicular to the cavity-BEC plane as depicted in Fig. 1 .
At low pump-laser strengths, the system is in the normal homogenous (NH) state, where the condensate is uniform and the photon scattering from the pump into the cavities is strongly suppressed. Beyond a critical laser strength, atoms collectively scatter photons from the pump into the cavities as atomic density fluctuations are amplified due to the field backaction. Consequently, the pump and built-up cavity fields interfere, leading to the formation of a nonperiodic, dynamic superradiant quasicrystalline potential for the atoms, which possesses an emergent eight-fold rotational symmetry C 8 ; see Figs. 2(c) and (d). Although the Hamiltonian of the system does not possess this eight-fold rotational symmetry, across the superradiant phase transition this symmetry emerges in the low-lying energy sector thanks to specific cavity-field amplitudes and phases chosen spontaneously by the system. The center of the quasicrystal (i.e., the location of the C 8 rotational axis) is fixed via a process of spontaneous breaking of four approximate discrete Z 2 symmetries. The mechanism of emerging global C 8 symmetry here is reminiscent of emergent global [57] [58] [59] [60] [61] [62] [63] and local gauge [64] [65] [66] [67] [68] symmetries found in some other models in the proximity of certain quantum phase transitions and/or in some quantum phases.
In the superradiant phase, the atoms in turn self-order in this emergent quasicrystalline potential. For sufficiently strong two-body repulsive contact interactions between the atoms, a superradiant quasicrystalline (SRQC) order is stabilized in the system, where momentum components of the self-ordered BEC wavefunction exhibit an eight-fold rotational symmetry as shown in Fig. 3(b) . On the contrary, for weakly interacting atoms the condensate is localized in one or few of the deepest minima of the quasicrystalline potential. Correspondingly, the many occupied momentum components of the condensate wavefunction show a Gaussian distribution. We thus refer to this state as the superradiant localized (SRL) phase.
Model.-Consider ultracold bosonic atoms trapped in a quasi-two-dimensional "circular" box potential V box (r) in the x-y plane and off-resonantly driven in the z direction by a right circularly polarizedσ + pump laser with Rabi frequency Ω 0 ∝ e| σ + · d |g and wave-number k 0 = 2π/λ 0 . The atomic internal states {|g , |e } satisfy the selection rule m e − m g = 1. Furthermore, the atomic transition |g ↔ |e is also off-resonantly coupled to four initially empty, in-plane polarized, quantized electromagnetic modes, each belonging to one linear cavity. The atom-cavity couplings are given by G j (r) = e iθj G 0j cos(k j · r), where k 1 = k 0êx , k 3 = k 0êy , and k 2,4 = k 0 (ê x ±ê y )/ √ 2, and G 0j are the maximum atom-cavity couplings per photon. Here,ê x (ê y ) is the unit vector along the x (y) direction. The wave-number of the cavity modes have been assumed to be equal to the wave-number of the laser, |k j | = k 0 , as the cavity frequencies ω c ≡ ω c1 = · · · = ω c4 are taken to be close to resonant with laser frequency ω 0 = ck 0 . The phase factors θ 1 = π/2, θ 2 = 5π/4, θ 3 = π, and θ 4 = 3π/4 arise due to the projection of the in-plane linear polarizationŝ e x,y andˆ ± = (ê x ±ê y )/ √ 2 of the cavity fields onto the right circular polarizationσ + as detailed in the Supplemental Material [69] . The system is depicted schematically in Fig. 1 .
Assuming that the atomic detuning ∆ a ≡ ω 0 − ω a < 0, with ω a being the atomic transition frequency between the ground state |g and the electronic excited state |e , is very large, the atomic excited state can be adiabatically eliminated. This yields an effective HamiltonianĤ eff = ψ † (r)Ĥ 0,effψ (r)dr +Ĥ int − ∆ c jâ † jâ j for the system, with the effective single-particle Hamiltonian density in the rotating-frame of the laser,
and the two-body interaction Hamiltonian,
Hereψ(r) andâ j are the atomic and photonic bosonic field operators, respectively, ∆ c ≡ ω 0 −ω c is the cavity detunings with respect to the lasers, and g 0 is the strength of the two-body contact interactions proportional to the s-wave scattering length. Mean-field approach.-We consider the thermodynamic limit, where the quantum fluctuations are negligible in two dimensions and the mean-field approach is justified [70] :ψ → ψ ≡ ψ andâ j → α j = |α j |e iγj ≡ â j . Hence we solve the mean-field Gross-Pitaevskii equation
along with the self-consistent solution of the steady-state cavity-field amplitudes
Here, Ĥ 0,eff is the mean-field single-particle Hamiltonian density corresponding to Eq. (1) withâ j → α j , n(r) = |ψ(r)| 2 is the local atomic density, µ is the chemical potential, κ is the decay rate of the cavity fields due to photon losses through the cavity mirrors, and we have introduced the following symbols for the shorthand,
This approach neglects the heating induced by cavity losses, which is well justified as the corresponding rate is suppressed with the inverse system's size [71] . Without loss of generality and for the sake of simplicity, in the following we set G 0j and Ω 0 to be real and only focus on the most interesting case of symmetric coupling to all cavities,
Since the system is not translationally invariant, we solve Eqs. (3) and (4) 
with open boundary conditions and a circular box potential of the form V box (r) = 0 for |r| < L/2, otherwise, V box (r) → ∞ [72] . In order to characterize the BEC density and momentum distributions, we exploit the inverse participation ratios [73, 74] ,
where ϕ(p) = e ip·r ψ(r)dr/L 2 is the Fourier transform of the condensate wavefunction ψ(r). I r and I p quantify how localized the atomic distributions are in position and momentum spaces, respectively. For instance, for a uniform density distribution I r approaches zero in the thermodynamic limit as 1/L 2 , while I p approaches one.
Phase diagram and emergent symmetries.- Figure 2 shows the phase diagram of the system in the
where N is the number of the atoms, ω r ≡ k 2 0 /2M is the recoil frequency, and η 0 ≡ G 0 Ω 0 /∆ a is the effective pump strength [75] . The inverse participation ratios in position I r and momentum I p space are illustrated in Figs. 2(a) and 2(b), respectively. The corresponding rescaled steady-state field amplitudes |α j |/ √ N are presented in Fig. 2(c) .
Below the laser-strength threshold η c 0 (g 0 ) the system is in the normal homogenous (NH) state, where there is no photon in any of the cavities and the atoms are uniformly (saving for the boundary) distributed over the box potential V box . Therefore, the position-space (momentumspace) participation ratio I r (I p ) assumes its smallest (largest) value in this phase.
By increasing the pump-laser strength η 0 above the threshold η c 0 (g 0 ), the uniform atomic distribution starts to become unstable. Fluctuations in the atomic density result in constructive photon scattering from the pump laser into the cavity modes. The interference of the pump and built-up cavity fields creates an emergent optical potential, favoring density modulations which in turn further enhance collective photon scattering into the cavity modes. This starts a runaway process towards a superradiant phase where |α j | > 0 for all j. Both participation ratios change at the onset of the superradiant phase transition. In particular, the momentum-space participation ratio I p displays a sharp drop, signaling the occupation of many momentum states. In the superradiant phase α j = |α j |e iγj = 0, not only are the absolute values of all the field amplitudes equal |α| ≡ |α 1 | = · · · = |α 4 | = 0, but also the phase of each field amplitude is locked at γ j = γ 0 − θ j or γ 0 + π − θ j , where γ 0 is a phase introduced due to the nonzero cavity-field decay rate κ = 0.
Although the single-particle Hamiltonian densitŷ H 0,eff , Eq. (1), does not possess any rotational symmetry, an eight-fold rotational symmetry C 8 emerges in the low-energy sector of the superradiant phase due to the above-mentioned amplitude and phase locking of the cavity fields: |α| ≡ |α 1 | = · · · = |α 4 | = 0, and γ j + θ j = 0 or π (γ 0 is an immaterial overall phase shift discarded here for the sake of the simplicity). The two possible choices of phase, −θ j or π − θ j , for each field amplitude correspond to a Z 2 symmetry for each cavity. The phases γ j of the field amplitudes determine the center of the quasicrystal (i.e., the location of the C 8 rotational axis). Figure 2(d) shows an example for the case γ j = −θ j for j = 1, · · · , 4. Therefore, at the onset of the superradiant phase transition, the center of the emergent quasicrystal is fixed through the spontaneous breaking of an approximate ⊗ 4 j=1 Z 2 symmetry as explained in detail in the following.
For the case γ j = −θ j (γ j = π − θ j ) for all the modes j = 1, · · · , 4, all fields have negative (positive) antinode at the origin r = 0. Therefore, the C 8 rotational axis corresponding to x → (x − y)/ √ 2 and y → (y + x)/ √ 2 is located at the origin, defining the center of the quasicrystal. Whereas, e.g., for the case that γ 1 = π − θ 1 and γ j = −θ j for the rest (i.e., j = 2, 3, 4), the rotational axis is shifted along the x axis and its location x o has to satisfy both x o = (m + 1/2)λ 0 and x o = √ 2lλ 0 , with m and l being two integers. However, these two conditions are not exactly consistent with each other for any two finite integers m and l, as the first equation yields a rational number while the second one an irrational number. One might, therefore, claim that the two conditions may coincide at infinity, implying that the center of the quasicrystal is located at x o → ±∞.
The self-ordered condensate density in the superradiant phase depends on the interplay between the emergent quasicrystal optical potential and the two-body repulsive contact interaction g 0 . Since the optical potential is not periodic, it can act as a disordered potential for the BEC, favoring Anderson-type localization [76, 77] . On the other hand, this is counteracted by the two-body repulsive interactions. This competition determines the self-ordered BEC density.
In the weakly interacting regime, the quasicrystal potential dominates over the two-body interactions and the condensate localizes in one or few of deepest minima of the quasicrystal potential. In this localized phase the atoms scatter more photons from the pump laser into the cavity modes due to constructive interference: the more atoms are condensed in the same potential minimum, the more photons are scattered with the same phase. This superradiant localized (SRL) regime is the lower right corner in Figs. 2(a)-(c) . The inverse participation ratio in the position space I r attains its largest values in this phase. A typical momentum distribution of the self-ordered SRL state is shown in Fig. 3(a) ; strong localization here leads to a Gaussian momentum distribution with remnants of the underlying eight-fold rotational symmetry superimposed on it.
In the strongly interacting regime on the other hand, it is energetically more favorable for the atoms to occupy different global and local minima of the quasicrystal optical potential. For sufficiently strong two-body contact interactions, a quasicrystalline density order is stabilized in the system as apparent from the momentum distribution of self-ordered states, shown in Fig. 3(b) for a typical state in this regime. Note the fractal distribution, a characteristic of quasicrystalline order indicating that the two-dimensional momentum space cannot be spanned by only two reciprocal primitive vectors. Furthermore, regardless of the center of the quasicrystal, all the sixteen ⊗ 4 j=1 Z 2 symmetry-broken states exhibit an identical momentum distribution, saving for small finitesize effects [69] . Therefore, we refer to this phase as the superradiant quasicrystalline (SRQC) state.
One can identify the field amplitude |α| (recall that |α| ≡ |α 1 | = · · · = |α 4 |) as an order parameter. It is zero in the NH phase and acquires nonzero values in the SRL and SRQC phases. The order parameter |α| exhibits a discontinuous jump in the transition from the NH phase to the SRL state, signaling a first order phase transition. The transition from the NH state to the SRQC phase is also first order in the weakly interacting regime, but becomes second order in the strongly interacting regime. On the other hand, we have only a crossover between the SRL and SRQC phases, as the order parameter |α| changes smoothly in the transition. For clarity, various cuts from the phase diagrams are presented in Supplemental Material for different transitions [69] .
Conclusions.-We proposed and studied a novel cavity-QED setup where a quantum phase transition from a uniform BEC to a quasicrystalline state with an emergent eight-fold rotational symmetry can be re-alized and monitored non-destructively via the amplitudes |α 1 | = · · · = |α 4 | = 0 and phases γ j = γ 0 − θ j or γ 0 +π−θ j of the cavity-output fields. The proposed setup is a realistic generalization of the state of the art in the experiment, namely the two-crossed cavity setup [39] [40] [41] and the bow-tie cavities [46] . Analogous setups can allow the study of quasicrystals with other emergent rotational symmetries such as five-and seven-fold rotational symmetries. Our proposed model differs from all previously proposed schemes including those based on spin-orbit coupling [19, 20] : in the previous proposals the quasicrystalline states have a reduced (i.e., broken) symmetry with respect to corresponding Hamiltonians while here the superradiant quasicrystalline state has an enlarged (i.e., emergent) symmetry. Furthermore, the quantum phase transition to the quasicrystalline and localized states can be attributed to the interplay between two-body contact interaction and cavity-mediated long-range interactions. Therefore, our work demonstrates that cavity QED offers a novel non-demolishing platform [78] [79] [80] [81] for exploring the spontaneous formation and stabilization mechanisms of a quasicrystal at very low temperatures, as well as emergent global symmetries.
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SUPPLEMENTAL MATERIAL
Here we present the details of the derivation of the superradiant optical potential for the atoms, represented by the last term in Eq. (1) in the manuscript. We also discuss the effect of the finite-size system in the symmetry-broken states. In addition, we present some cuts from the phase diagrams to see more clearly the order and the nature of the phase transitions. Finally we show some typical atomic density distributions.
THE EFFECTIVE OPTICAL POTENTIAL
The total electric field is the sum of the pump and cavity fields,
where the electric field per photon E 0j = E 0 = ( ω c / 0 V ) 1/2 is the same for all the cavities, r = (x, y), k 1 = k 0êx , k 3 = k 0êy , and k 2,4 = k 0 (ê x ±ê y )/ √ 2, withê x (ê y ) being the unit vector along the x (y) direction. We consider in-plane linear polarizations for the cavity fields, so thatˆ 1 =ê y ,ˆ 3 =ê x ,ˆ 2,4 =ˆ ∓ = (ê x ∓ê y )/ √ 2. These linear polarizations can be expressed in the basis of circular polarizationsσ ± = ∓(ê x ± iê y )/ √ 2 as,
+ + e iπ/4σ
+ + e 7iπ/4σ
Therefore, the electric field (S1) can be recast as E(r) = E + (r)σ + + E − (r)σ − , where
We have assumed that the cavity fields all have an antinode at the origin r = (0, 0) by setting φ j = 0 for all j.
Let us now consider two atomic internal states {|g , |e }, such that their magnetic quantum numbers satisfy m e − m g = 1. The Rabi frequency is then given by
where the rotating-wave approximation has been used in the last equality. For a large atomic detuning ∆ a , this leads to an optical potential (i.e., position-dependent Stark shift) for the atoms, 
FINITE-SIZE EFFECTS
Let us now consider effects of the finite-size system in the sixteen ⊗ 4 j=1 Z 2 symmetry-broken states. In an infinite system, all sixteen symmetry-broken states would have the same energy. However, in a finite system this is not necessarily true, as for each symmetry-broken state the center of the quasicrystal is located in a different place, and in fact it might not be even within the finite-size system. Therefore, the amplitude of scattered photons from the pump into the cavities is different for each symmetry-broken state, leading to lifting of the degeneracy of the ground-state manifold. Figures S1(a) and S1(b) show, respectively, the chemical potential µ of the sixteen ⊗ 4 j=1 Z 2 symmetry-broken states and the corresponding field amplitudes α as a function of the system size L while keeping N g 0 /L 2 constant. As the system size increases, the field amplitudes and the energies of all the states converge. In a finite system only one of the sixteen symmetry-broken states is the true stationary (ground) state and the others are only quasi-stationary (i.e., metastable) states. Our imaginary-time-propagation simulations suggest the lifetime of these quasi-stationary states are infinitely long and they are almost stationary. That is, when the imaginarytime propagation converges randomly to any of the symmetry-broken states, it remains in that solution for the whole simulation time. This implies that energy barriers separating these states are very large and these states are metastable states of the system.
In obtaining the phase diagrams presented in Fig. 2 in the manuscript, numerical simulation has been implemented such that it can converge randomly to any of the sixteen ⊗ 4 j=1 Z 2 symmetry-broken states in each point in the parameter space of the phase diagrams. Combined with the fact that the superradiant threshold could be slightly different for each symmetry-broken state, this has resulted in somewhat rugged phase boundaries. Another reason for the rugged phase boundaries is somewhat coarse parameter grids in the phase diagrams, chosen to optimize the numerical simulation time. The numerical simulations were quite expensive time-wise, due to the lack of periodic boundary conditions.
ORDER AND NATURE OF THE QUANTUM PHASE TRANSITIONS
In order to see the order and the nature of the quantum phase transitions more clearly, in Figs. S2 and S3 we present, respectively, horizontal and vertical cuts from the phase diagrams of Fig. 2 in the main text. As can be seen from Fig. S2 , in the weakly interacting regime the quantum phase transitions from the NH phase to the SRL and SRQC phases are first order as the order parameter |α| (recall that |α| ≡ |α 1 | = ... = |α 4 |) exhibits a discontinuous jump. On the other hand, in the strongly interacting regime the quantum phase transition from the NH state to the SRQC phase is second order. Note the lack of a sharp phase transition point in this case: it is due to the finite size of the system. The transition will become sharp in the thermodynamic limit. The transition from the SRL phase to the SRQC state is a crossover instead, since the order parameter |α| changes smoothly in the transition as can be seen from Fig. S3 . For the sake of completeness, we have also illustrated the inverse participation ratios {I r , I p }. 
DENSITY DISTRIBUTION
Typical atomic density distributions |ψ(r)| 2 in the SRL and SRQC phases are shown in Figs. S4(a) and S4(b), respectively. In Fig. S4(b) , the center of the quasicrystal is located at the origin r = 0 -corresponding to γ j = γ 0 −θ j for all the modes -exhibiting the eight-fold rotational symmetry manifestly. In the SRL state shown in Fig. S4(a) , almost all of the atoms condense into the global potential minimum in the center of the quasicrystal.
